MINIMALITY AND IRREDUCIBILITY OF SYMPLECTIC FOUR-MANIFOLDS 



M. J. D. HAMILTON AND D. KOTSCHICK 

ABSTRACT. We prove that all minimal symplectic four-manifolds are essentially irreducible. We 
also clarify the relationship between holomorphic and symplectic minimality of Kahler surfaces. 
This leads to a new proof of the deformation-invariance of holomorphic minimality for complex 
surfaces with even first Betti number which are not Hirzebruch surfaces. 



1. Introduction and statement of results 

In this paper we discuss certain geometric and topological properties of symplectic four-manifolds. 
Our main concern is the notion of minimality, and its topological consequences. We shall extend 
to manifolds with — 1 the irreducibility result proved in (THE) f° r the case that b~% > 1. We 
also show that holomorphic and symplectic minimality are equivalent precisely for those Kahler 
surfaces which are not Hirzebruch surfaces. Together with work of Buchdahl [ 2 1 , this yields a new 
proof of the deformation-invariance of holomorphic minimality for complex surfaces with even 
first Betti number, again with the exception of Hirzebruch surfaces. 

1.1. Minimality. A complex surface is said to be minimal if it contains no holomorphic sphere 
of selfintersection —1, see for example |1|. A symplectic four-manifold is usually considered 
to be minimal if it contains no symplectically embedded sphere of selfintersection —1, see for 
example lfi"3l l4ll. In the case of a Kahler surface both notions of minimality can be considered, but it 
is not at all obvious whether they agree. In the recent literature on symplectic four-manifolds there 
are frequent references to (symplectic) minimality, and often Kahler surfaces are considered as 
examples, but we have found no explicit discussion of the relationship between the two definitions 
in print, compare e. g. H21 [HI US [13 SI El Si • 

An embedded holomorphic curve in a Kahler manifold is a symplectic submanifold. There- 
fore, for Kahler surfaces symplectic minimality implies holomorphic minimality. The following 
counterexample to the converse should be well known: 

Example 1. Let X n = F(0 © 0(n)) be the n th Hirzebruch surface. If n is odd and n > 1, then 
X n is holomorphically minimal but not symplectically minimal. 

In Section 13 below we explain this example in detail, and then we prove that there are no other 
counterexamples : 

Theorem 1. A Kahler surface that is not a Hirzebruch surface X n with n odd and n > 1 is 
holomorphically minimal if and only if it is symplectically minimal. 

A proof can be given using the known calculations of Seiberg-Witten invariants of Kahler sur- 
faces. Using Seiberg-Witten theory, it turns out that for non-ruled Kahler surfaces symplectic and 
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holomorphic minimality coincide because they are both equivalent to smooth minimality, that is, 
the absence of smoothly embedded (—1) -spheres. The case of irrational ruled surfaces is elemen- 
tary. 

Such a proof is not satisfying conceptually, because the basic notions of symplectic topology 
should be well-defined without appeal to results in gauge theory. Therefore, in Section |2] we give 
a proof of Theorem [T] within the framework of symplectic topology, using Gromov's theory of 
J-holomorphic curves. We shall use results of McDuff lfP31 for which Gromov's compactness 
theorem is crucial. Essentially the same argument can be used to show that symplectic minimality 
is a deformation-invariant property, see Theorem^ This natural result is lurking under the surface 
of McDuff 's papers ifTHflUfT?! . and is made explicit in ifTol . compare also HSHT^). Of course 
this result is also a corollary of Taubes's deep work in ETll2"2"t 1251 181. where he showed, among 
other things, that if there is a smoothly embedded ( — l)-sphere, then there is also a symplectically 
embedded one. 

In Section[2jwe shall also prove that for compact complex surfaces with even first Betti number 
which are not Hirzebruch surfaces holomorphic minimality is preserved under deformations of the 
complex structure. This result is known, and is traditionally proved using the Kodaira classifi- 
cation, cf. HI. The proof we give is intrinsic and independent of the classification. Instead, we 
combine the result of Buchdahl [2] with the deformation invariance of symplectic minimality and 
Theorem [l] 

1.2. Irreducibility. Recall that an embedded (— l)-sphere in a four-manifold gives rise to a con- 
nected sum decomposition where one of the summands is a copy of CP 2 . For symplectic manifolds 
no other non-trivial decompositions are known. Gompf [4] conjectured that minimal symplectic 
four-manifolds are irreducible, meaning that in any smooth connected sum decomposition one of 
the summands has to be a homotopy sphere. In Section|3]below we shall prove the following result 
in this direction: 

Theorem 2. Let X be a minimal symplectic 4-manifold with b 2 — 1. If X splits as a smooth 
connected sum X = X\^X 2 , then one of the Xi is an integral homology sphere whose fundamental 
group has no non-trivial finite quotient. 

For manifolds with b\ > 1 the corresponding result was first proved in [7 1 and published in (8). 
As an immediate consequence of these results we verify Gompf 's irreducibility conjecture in many 
cases: 

Corollary 1. Minimal symplectic A-manifolds with re sidually finite fundamental groups are irre- 
ducible. 

To prove Theorem |2] we shall follow the strategy of the proof for b\ > 1 in [51. In particular 
we shall use the deep work of Taubes [2fl|221|23), which produces symplectic submanifolds from 
information about Seiberg-Witten invariants. What is different in the case b 2 = 1, is that the 
Seiberg-Witten invariants depend on chambers, and one has to keep track of the chambers one is 
working in. 

In addition to conjecturing the irreducibility of minimal symplectic four-manifolds, Gompf J4| 
also raised the question whether minimal non-ruled symplectic four-manifolds satisfy K 2 > 0, 
where K is the canonical class. For manifolds with b^ > 1 this was proved by Taubes II2T1I221 . 
compare also J8j|23|. The case b^ = 1 was then treated by Liu lfl2l . who refers to this question as 
"Gompf 's conjecture". Liu [ 12 1 also proved that minimal symplectic four-manifolds which are not 
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rational or ruled satisfy K • u > 0. We shall use Liu's inequalities to keep track of the chambers 
in our argument. Although the results of Liu [12J, and also those of Li-Liu ifTOlfTTIl . are related to 
Theorem^ this theorem does not appear there, or anywhere else in the literature that we are aware 
of. 

2. Notions of minimality 

First we discuss the Hirzebruch surfaces X n = F(0 © 0(n)), with n odd and > 1, in order to 
justify the assertions made in Example[l]in the Introduction. 

If n — 2k + 1, consider the union of a holomorphic section S of X n of selfintersection — n and 
of k disjoint parallel copies of the fiber F. This reducible holomorphic curve can be turned into 
a symplectically embedded sphere E by replacing each of the transverse intersections of £ and F 
by a symplectically embedded annulus. Then 

E ■ E = (S + kFf = S ■ S + 2k S ■ F = -n + 2k = -1 . 

This shows that X n is not symplectically minimal. To see that it is holomorphically minimal, 
note that a homology class E containing a smooth holomorphic (—1) -sphere would satisfy E 2 = 
K-E = — 1, and would therefore be S + kF, as above. However, this class has intersection number 

E ■ S = (S + kF) ■ S = -n + k = -k - 1< 

with the smooth irreducible holomorphic curve S. Therefore, E can only contain a smooth irre- 
ducible holomorphic curve if E = S, in which case k = and n — 1. 

Next we prove that for all other Kahler surfaces symplectic and holomorphic minimality are 
equivalent. 

Proof of Theorem\I\ In view of the discussion in ll.ll above. we only have to prove that if (X, uj) is 
a Kahler surface which is not a Hirzebruch surface X n with n odd and n > 1, then holomorphic 
minimality implies symplectic minimality. 

We start by assuming that (X, uj) is not symplectically minimal, so that it contains a smoothly 
embedded (— l)-sphere E C X with uj\e ^ 0. Orient E so that ui\e > 0, and denote by [E] E 
H 2 (X; Z) the corresponding homology class. The almost complex structures J compatible with 
u are all homotopic to the given integrable J^; in particular their canonical classes agree with 
the canonical class K of the Kahler structure. It is elementary to find a compatible J for which 
the sphere E with the chosen orientation is J-holomorphic. Therefore E satisfies the adjunction 
formula 

g{E) = l+ l -(E 2 + K-E). 

We conclude that K-E = —1. (Note that the orientation of E is essential here.) This implies 
in particular that the expected dimension of the moduli space of J-holomorphic curves in the 
homology class [E] vanishes. 

Let J be the completion-with respect to a suitable Sobolov norm-of the space of C°° almost 
complex structures compatible with u, cf. [IV). McDuff has proved that, for almost complex 
structures J from an everywhere dense subset in J , there is a unique smooth J-holomorphic 
sphere C in the homology class [E], see Lemma 3.1 in [13|. 

The uniqueness implies that the curve C varies smoothly with J. One then uses Gromov's 
compactness theorem for a smooth family of almost complex structures to conclude that for all J, 
not necessarily generic, there is a unique J-holomorphic representative of the homology class [E] 
which, if it is not a smooth curve, is a reducible curve C = £V Q such that each Q is a smooth 
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J-holomorphic sphere. Compare again Lemma 3.1 in [ 13 1 and (17711. (In these references reducible 
J-holomorphic curves are called cusp curves.) 

Let Jj be a sequence of generic almost complex structures in J which converges to the integrable 
Joo as j^oo. For each Jj there is a smooth Jj -holomorphic sphere Ej in the homology class [E]. 
As j— >oo, the Ej converge weakly to a possibly reducible Joo -holomorphic curve E^. If E^ is 
irreducible, then it is a holomorphic (— l)-sphere, showing that (X, J^) is not holomorphically 
minimal. If E^ is reducible, let 

k 

Eoo = miQ 

i=l 

be the decomposition into irreducible components. The multiplicities are positive integers. 
Each Ci is an embedded sphere, and therefore the adjunction formula implies 

Cf + K ■ d = -2 . 

Multiplying by m.j and summing over i we obtain 

k k k 

m i c l + K ■ miCi = - 2 J2 mi - 

i=l i=l i=l 

Now the second term on the left hand side equals K ■ E = — 1, so that we have 

k k 

1=1 2=1 

It follows that there is an index i such that Cf > —1. If Cf = —1 for some i, then we again 
conclude that (X, J^) is not holomorphically minimal. If Cf > for some i, then (X, J^) is bi- 
rationally ruled or is rational, cf. Proposition 4.3 in Chapter V of [ 1 1. Thus, if it is holomorphically 
minimal, it is either a minimal ruled surface or CP 2 , but the latter is excluded by our assumption 
that (X, Joo) is not symplectically minimal. If (X, J^) were ruled over a surface of positive genus, 
X B, then the embedding of the (— l)-sphere E would be homotopic to a map with image in 
a fiber, because ti\e : E^B would be homotopic to a constant. But this would contradict the fact 
that E has non-zero selfintersection. 

Thus we finally reach the conclusion that (X, J^) is ruled over CP 1 . If it is holomorphically 
minimal, then it is a Hirzebruch surface X n with n odd and n > 1, because Xi is not holomorphi- 
cally minimal, and X 2 k has even intersection form and is therefore symplectically minimal. 

This concludes the proof of Theorem [TJ □ 

Remark 1. We have used the fact that the existence of a rational holomorphic curve of non-negative 
selfintersection in a complex surface implies that the surface is rational or ruled. Such a statement 
also holds in the symplectic category, cf. llT3l . but we do not need that here. 

The exposition of the proof of Theorem [JJ can be shortened considerably if one simply uses 
McDuff's Lemma 3.1 from 1T3l as a black box. We have chosen to include some of the details so 
that the reader can see that the degeneration of the Jj -holomorphic curves Ej as j^oo is the exact 
inverse of the regeneration used in the discussion of Example[TJ 

The following theorem, Proposition 2. 3. A in [16|, can be proved by essentially the same argu- 
ment, allowing the symplectic form to vary smoothly, compare also H2J [TJ3 : 
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Theorem 3 ( H16I ). Symplectic minimality is a deformation-invariant property of compact symplec- 
tic four-manifolds. 

Note that holomorphic minimality of complex surfaces is not invariant under deformations of the 
complex structure. In the Kahler case the Hirzebruch surfaces X n with n odd are all deformation- 
equivalent, but are non-minimal for n = 1 and minimal for n > 1 . In the non-Kahler case there 
are other examples among the so-called class VII surfaces. 

For complex surfaces of non-negative Kodaira dimension it is true that holomorphic minimality 
is deformation-invariant, but the traditional proofs for this are exceedingly cumbersome, see for 
example HI, section 7 of Chapter VI, where it is deduced from the Kodaira classification and a 
whole array of additional results. For the case of even first Betti number we now give a direct 
proof, which does not use the classification. 

Theorem 4. Let X be a holomorphically minimal compact complex surface with even first Betti 
number, which is not a Hirzebruch surface X n with n odd. Then any surface deformation equiva- 
lent to X is also holomorphically minimal. 

Proof. Let X t with t E [0, 1] be a smoothly varying family of complex surfaces such that X = 
X. Buchdahl [2| has proved that every compact complex surface with even first Betti number is 
Kahlerian, without appealing to any classification results. Thus, each X t is Kahlerian, and we 
would like to choose Kahler forms ujq and u)\ on X and X\ respectively, which can be joined by a 
smooth family of symplectic forms uj t . There are two ways to see that this is possible. 

On the one hand, Buchdahl [2] characterizes the Kahler classes, and one can check that one 
can choose a smoothly varying family of Kahler classes for X t , which can then be realized by a 
smoothly varying family of Kahler metrics. On the other hand, we could just apply Buchdahl's 
result for each value of the parameter t separately, without worrying about smooth variation of the 
Kahler form with the parameter, and then construct a smooth family uj t of symplectic not necessar- 
ily Kahler forms from this, cf. 09 1 Proposition 2.1. In detail, start with arbitrary Kahler forms uj t 
on X t . As the complex structure depends smoothly on t, there is an open neighbourhood of each 
to £ [0, 1] such that u to is a compatible symplectic form for all X s with s in this neighbourhood 
of to- By compactness of [0, 1], we only need finitely many such open sets to cover [0, 1]. On 
the overlaps we can deform these forms by linear interpolation, because the space of compatible 
symplectic forms is convex. In this way we obtain a smoothly varying family of symplectic forms. 

Now X = X was assumed to be holomorphically minimal and not a Hirzebruch surface X n 
with odd n. Therefore, Theorem [T] shows that X is symplectically minimal, and Theorem |3] then 
implies that X\ is also symplectically minimal. The easy direction of Theorem[l] shows that X\ is 
holomorphically minimal. □ 

Let us stress once more that this result is not new, but its proof is. The above proof does not use 
the Kodaira classification. The only result we have used from the traditional theory of complex 
surfaces is that a surface containing a holomorphic sphere of positive square is rational, which 
entered in the proof of Theorem[lJ We have not used the generalization of this result to symplectic 
manifolds, and we have not used any Seiberg-Witten theory either. Our proof does depend in an 
essential way on the work of Buchdahl Q. Until that work, the proof that complex surfaces with 
even first Betti numbers are Kahlerian depended on the Kodaira classification. 
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3. Connected sum decompositions of minimal symplectic four-manifolds 

In this section we prove restrictions on the possible connected sum decompositions of a minimal 
symplectic four- manifold with b\ = 1, leading to a proof of Theorem |2j To do this we have to 
leave the realm of symplectic topology and use Seiberg-Witten gauge theory. 

Let X be a closed oriented smooth 4-manifold with b^{X) = 1. We fix a Spin c structure s and 
a metric g on X and consider the Seiberg-Witten equations for a positive spinor 4> and a Spin c 
connection A: 

D+4> = 
F+ = (7(0,0) +r), 

where the parameter rj is an imaginary-valued ^-self-dual 2-form. Here A denotes the U(l)- 
connection on the determinant line bundle induced from A, so that is an imaginary-valued 
2-form. A reducible solution of the Seiberg-Witten equations is a solution with = 0. 

For every Riemannian metric g there exists a (/-self-dual harmonic 2-form uj g with [uj g ] 2 = 1. 
Because b^{X) = 1, this 2-form is determined by g up to a sign. We choose a forward cone, 
i. e. one of the two connected components of {a G H 2 (X; K) | a 2 > 0}. Then we fix u g by taking 
the form whose cohomology class lies in the forward cone. 

Let L be the determinant line bundle of the Spin c structure 5. The curvature F^ represents 
^fci(L) in cohomology, and every form which represents this class can be realized as the curvature 
of A for a Spin c connection A. For given (g, rj) there exists a reducible solution of the Seiberg- 
Witten equations if and only if there is a Spin c connection A such that Ff = 77, equivalently 
(ci(L) — ^-77) • uj g = 0. Define the discriminant of the parameters (g, 77) by 

1 

One divides the space of parameters (g, 77) for which there are no reducible solutions into the plus 
and minus chambers according to the sign of the discriminant. Two pairs of parameters (gx, 771) and 
(92, V2) can be connected by a path avoiding reducible solutions if and only if their discriminants 
have the same sign, i. e. if and only if they lie in the same chamber. A cobordism argument then 
shows that the Seiberg-Witten invariant is the same for all parameters in the same chamber. In 
this way we get the invariants SW + (X,s), SW_(X, s) which are constant on the corresponding 
chambers. 

Suppose now that X has a symplectic structure 00. Then uj determines an orientation of X and 
a forward cone in H 2 (X; R). We will take the chambers with respect to this choice. Moreover, uj 
determines a canonical class K and a Spin c structure Sk- 1 with determinant K~ l . One can obtain 
every other Spin c structure by twisting s K -i with a line bundle E, to obtain s K -i ® E. This Spin c 
structure has determinant K^ 1 <g> E 2 . 

The Taubes chamber is the chamber determined by parameters (g, g) with g chosen such that it 
is almost Kahler with u g = co and 

77 = Ff ru with r ^> . 

Ac, 4 

where A is a canonical connection on K~ x . We have the following: 

Lemma 1. The Taubes chamber is the minus chamber, for the choice of forward cone as above. 
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Proof. We have 

(cx(-K) - —ri) ■ uo„ = {—Ft - —Ft - — ru) ■ to 

i 1 

= ( — F; ru) ■ u 

v 2tt a o 8tt ; 

1 2 

because the wedge product of a self-dual and an anti-self-dual two-form vanishes. □ 

The following theorem is due to Taubes ll20ll2Tll22l . compare ifTOlfTT l for the case b\ = 1. 

Theorem 5. The Seiberg-Witten invariant in the minus chamber for the canonical Spin c structure 
is non-zero. More precisely, SW-.(X,Sk-i) = ±1- Moreover, if SW-{X,Sk-i ® E) is non-zero 
and E 0, then for a generic u-compatible almost complex structure J, the Poincare dual of the 
Chern class of E can be represented by a smooth J -holomorphic curve ScX 

We have the following more precise version of the second part of Theorem[5l which is also due 
to Taubes. 

Proposition 1. Suppose SW_(X, s K -i <8> E) is non-zero, and E ^ 0. Then for a generic almost 
complex structure J compatible with uj there exist disjoint embedded J -holomorphic curves Cj in 
X such that 

n 

PD(c 1 (E)) = Y j m[Q], 
i=i 

where each C{ satisfies K ■ d < Ci ■ C{ and each multiplicity m,i is equal to 1, except possibly for 
those ifor which Ci is a torus with self-intersection zero. 

This depends on a transversality result for J-holomorphic curves, see Proposition 7.1 in ll22l 
and also 11231 181. Proposition[T]immediately implies the following: 

Corollary 2. If SW_(X,s K -i <S> E) ^ with E 2 < then X contains an embedded symplectic 
(-l)-sphere E. 

Proof. Choose a generic compatible almost complex structure J as in Proposition [H and consider 
E = J2i m iCi- Then E 2 = J2i m lC 2 because the Ci are disjoint, hence C 2 < for some j. We 
can compute the genus of Cj from the adjunction formula: 

<7(Cj) = \ + \{C r C s + K- Cj) <l + C r Cj < 0. 

Hence £ = Cj is a sphere with self-intersection number —1. □ 

After these preparations we can now prove TheoremEl 

Proof of Theorem\2\ Let (X, u) be a closed symplectic 4-manifold with = I. We denote by K 
both the first Chern class of any compatible almost complex structure, and the complex line bundle 
with this Chern class. 

First, suppose that (X, u) is symplectically minimal and rational or ruled. Then, by the classifi- 
cation of ruled symplectic four-manifolds, X is diffeomorphic either to CP 2 , to an even Hirzebruch 
surface, or to a geometrically ruled Kahler surface over a complex curve of positive genus, com- 
pare e. g. ifTTl. These manifolds are all irreducible for purely topological reasons. This is clear for 
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CP 2 and for the even Hirzebruch surfaces, because the latter are diffeomorphic to S 2 x S 2 . For 
the irrational ruled surfaces note that the fundamental group is indecomposable as a free product. 
Therefore, in any connected sum decomposition one of the summands is simply connected. If this 
summand were not a homotopy sphere, then the other summand would be a smooth four-manifold 
with the same fundamental group but with strictly smaller Euler characteristic than the ruled sur- 
face. This is impossible, because the irrational ruled surfaces realize the smallest possible Euler 
characteristic for their fundamental groups, compare [6|. 

Thus, we may assume that (X, uj) is not only symplectically minimal, but also not rational or 
ruled. Then Liu's results in O tell us that K 2 > and K ■ to > 0. 

If X decomposes as a connected sum X = M#N then one of the summands, say N, has 
negative definite intersection form. Moreover, the fundamental group of N has no non-trivial finite 
quotients, by Proposition 1 of I0. In particular Hi(N;Z) = 0, and hence the homology and 
cohomology of iV are torsion-free. If N is an integral homology sphere, then there is nothing more 
to prove. 

Suppose N is not an integral homology sphere. By Donaldson's theorem [3|, the intersection 
form of N is diagonalizable over Z. Thus there is a basis ei, e n of H 2 (N; Z) consisting of 
elements with square —1 which are pairwise orthogonal. Write 



with Km G H 2 (M; Z). The <2j e Z are odd, because K is a characteristic vector. This shows 
in particular that K is not a torsion class. Its orthogonal complement K L in H 2 (X; M) is then a 
hyperplane. As K 2 > and b^X) = 1, the hyperplane K 1 does not meet the positive cone. Thus 
Liu's inequality K ■ uj > must be strict: K ■ uj > 0. 

Now we know = ±1 from Taubes's result, where s K -i is the Spin c structure 

with determinant K^ 1 induced by the symplectic form uj. The inequality (— K) ■ uj < shows 
that a pair (g, 0) is in the negative, i. e. the Taubes chamber, whenever g is almost Kahler with 
fundamental two-form uj. As K l does not meet the positive cone, all pairs (g, 0) are in the negative 
chamber, for all Riemannian metrics g. We choose a family of Riemannian metrics g r on X which 
pinches the neck connecting M and iV down to a point as r — ► oo. For r large we may assume that 
g r converges to metrics on the (punctured) M and N, which we denote by g M and gN- 

Lemma 2. If we choose the forward cone for M to be such that it induces on X the forward 
cone determined by the symplectic structure, then for every Riemannian metric g' on M, the point 
(g', 0) is in the negative chamber of M with respect to the Spin c structure Sm on M obtained by 
restriction ofs K -i. 

Proof. The chamber is determined by the sign of Ci(s) • u g . We have 

> (-K) ■ UJ gr = Ci(Sk-0 • U gr = C 1 {S M ) ■ iOg r + Ci(Sat) • 0J 9r 

— ► Ci(s M ) ■ u 9M + ci(j5jv) • w 9JV , as r -> oo . 

We know that uj 9n is self-dual harmonic with respect to gN, and hence vanishes because ^(N) = 
0. This implies that ci(s K -i) ■ uj gr converges to c\(sm) • u 9M for r — > oo. Thus 



n 




i=l 



Cl(S M ) ■ < 
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However, we have Ci(s M ) = K M , and 

n 

K 2 M = K 2 + a* > K 2 + n > n > 1 , 

i=l 

showing that does not meet the positive cone of M. Thus ci(sju) • uj 9m < 0. Again because 
K^j does not meet the positive cone of M, this inequality holds for all metrics g' on M. □ 

The degeneration of the g r as r goes to infinity takes place in the negative chamber for 
where the Seiberg-Witten invariant is ±1, and, by Lemma |3 gu is in the negative chamber for 
s M . It follows that SW-{M,s M ) = ±1. 

We now reverse the metric degeneration, but use a different Spin c structure on N. Instead 
of using Sn with Ci(sjv) = — Ym=i a « e «' we use me unique Spin c structure s' N with Ci(s' N ) = 
d\e\ — Y^=2 a i e i- For ever Y metric on N there is a unique reducible solution of the Seiberg- 
Witten equations for this Spin c structure with rj = 0. Gluing this solution to the solutions on M 
given by the invariant SW-(M, Sm), we find SW-(X,s') = ±1, where s' is the Spin c structure 
on X obtained from sm and s' N , compare Proposition 2 of [9|. We have s' = s^-i ® E, with 
E = a±ei. Therefore E 2 = —a\ < —1, and Corollary 13 shows that X is not minimal. This 
completes the proof of Theorem |2j □ 
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